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TABLE I: Notation

Symbol | Meaning

The length of the transcript

The length of each read

The number of reads

The effective length of the transcript, de-
finedas L —k+1

The length of the contig

The effective length of the contig, defined
asc—k

The estimated effective length of the tran-
script estimated using the effective contig
length

Ty max(0, x)
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1. THE MODEL

It is assumed here that the reads are independently and
uniformly distributed along the transcript.

A. Notation

The notation used is shown in Table 1.

B. Estimation of transcript length using contig length

It is assumed here that the contig used to estimate the
transcript length is the only contig assembled using the N
reads.

X, denotes the starting position of the i read (1 < i < N).
By assuming that the reads are independently and uniformly
distributed along the transcript, X; (1 < ¢ < N) are i.i.d
discrete uniform random variables with the parameter being
L. However, by using de novo assembly to obtain the contig,
X; (1 <1< N)is unknow, and only X; — X; (1 <4,5 < N)
are known.

Now consider the order statistics of X1, X5, ..., Xn

Xy = X < = Xav

It is evident that the joint distribution of X; — X; (1 < 4,75 <
N) does not depend on L when X(ny — X1y is given. Thus,
X(ny — X(1) is a sufficient statistic for L.

When there is only one contig assembled using the N reads,
we have

c= X —Xq

From preyious works on order statistics [1], the distribution
of ¢ given L is

N L—c
P;(c=z)= 75

(z+ 1N —22N + (2 —1)Y) (D
for x = 0,1,..., L — 1.

It will be now shown that ¢ is complete. Indeed, for a
function g(¢) such that

-1
Brg(@) =) Pr(z)g(x) =0
=0
for L = 1,2, ..., it is evident that g(¢) = 0 for ¢ = 0,1, ...
By solving the recurrence equation

EpL(e) =) Pp(x)L(x) =L )

where L = 1,2, ..., an unbiased estimator for L using ¢ can
be calculated.

Subsituting (1) into (2), we have

L—1
Z(i —2)((z+1)N 22N + (2 — DY) L(z) = LN*! (3)

=0

When L is set to & and ¢ + 1 in (3) and one equation is
subtracted from the other, we have

S ()Y -2e - DYEE) = (Y- g

=0

From (4), it is evident that

. (6+ NHL — 26N+ (g — 1)V !
) S)

L) = v —2ev v (-1 N

From the Lehmann-Scheffe theorem, we can know that I:(é)
given in (5) is the minimum-variance unbiased estimator.



C. Probability of obtaining a single contig Using the inclusion-exclusion principle, the number integer

The probability for obtaining a single contig with effective solutions for 2y + 22 + ... +2zp—1 = € when 0 < z; <k is

length ¢ from a transcript with effective length L when there =y _
are N reads of lenth k£ are used to assemble the contig is Z (—1)™ (n - 1) (c —1—m(k— 1)> (12)
calculated. o m n—2

It is assumed here that overlaps between reads can be
exactly detected, and there is no repeat sequences in the
transcript. p2(n,¢) = (13)

_ Let py(n) denote the probability that n positions out of the 1 n—lé—k_1
L positions in the transcript are the starting positions of the . T
0 ifn=1,c#k—-1

reads. Using the inclusion-exclusion principle, we have i i
Loy S (0 (D () i A 1

piw= () ra- ()t (5) sy - @ (1)

Using (8), (9), and (12), we can get

(DY (=D)H() (=) Thus, the probability for obtaining a single contig with
“\n LN effective length ¢ from a transcript with effective length L,
L\ nIS(N,n) which is denoted as Q; (), is
(= E
=(¢) = c 15
where S(n, k) denotes Stirling numbers of the second kind. Q) nzz:lpl (n)p2(n €) (15

Let pa(n, ¢) denote the probability that a single contig with
effective length ¢ can be obtained when there are n distinct
Starting positions for the reads. Let Yl < Y2 < ... < Yn denote [11 H. David and H. Nagaraja, Order statistics, ser. Wiley series in probability
th distinet startin itions of th _r d - n d_Y — 1 and and mathematical statistics. Probability and mathematical statistics. John

e n distinct starting positions of the reads, a o=1la Wiley, 2003.

Yn+1 = L. We can see that ps(n, ¢) is equal to the probability
that Y, - Y1 =cand V1 - Y, <kfori=12..n—1.
Now, let z; = Y;41 — Y; for i = 0,1, ...,n. Then, in order to
calculate ps(n, ¢), the number of integer solutions satisfying
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z0+z1+...+zn:i—1 @)

where zg + z, :iflfé;zo,zn >0and 0 < z; < k;i =
1,2,..,n—1

The number of integer solutions when we only require
20,2, > 0and z; >0;¢0=1,2,....n—11is

L
( ) (8)
n
The number of integer solutions for zg + 2z, = L-1-
C; 20, 2n, > 018 }
L—¢ .
( . C) —L-¢ 9)

Now assume n > 2.
The number of integer solutions for 21 +29+...+2,-1 = ¢
when we only require z; > 0 fori=1,2,...n—11s

c—1
)

The number of integer solutions for z1 + 29+ ...+ 2,1 = €
when z; > 0 for ¢ = 1,2,...,mn — 1 and there are m known
terms among 21, 22, ..., 2,1 larger than or equal k is

(&—m(k—l) - 1) 0

n—2

where it is assumed that ¢ > m(k — 1).



